Money and endogenous growth: alternative approaches. by Suen, Ming Hon. & Chinese University of Hong Kong Graduate School. Division of Economics.
Money and Endogenous Growth: Alternative Approaches 
SUEN Ming-hon 
A Thesis Submitted in Partial Fulfillment 
of the Requirements for the Degree of 
Master of Philosophy 
in 
Economics 
Supervised by Prof. Chong-kee Yip 
© The Chinese University of Hong Kong 
June 2001 
The Chinese University of Hong Kong holds the copyright of this thesis. 
Any person(s) intending to use a part or whole of the materials in the 
thesis in a proposed publication must seek copyright release from the 
Dean of the Graduate School. 





In this thesis, w e adopt monetary versions of the Uzawa-Lucas endogenous growth 
model to achieve two objectives. First, we re-examine the inflation-growth 
controversy in the endogenous growth framework. Second, w e explore the possibility 
of money being a potential source of indeterminacy in these models. Money is 
introduced via three common approaches, namely the money-in-the-utility-function 
approach, the cash-in-advance approach and the pecuniary transactions-cost 
approach. Although growth-rate superneutrality of money are shown to occur in all 
these models, money may not be superneutral in both the Stockman CIA model and 
the PTC model as other real variables (e.g., the effective capital-labor ratio) are not 
independent of the nominal money growth rate. Our main finding is that whenever 
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Introduction 
The effect of anticipated inflation on steady-state economic variables has long 
been a controversial topic in macroeconomics. Pioneered by the seminal works of 
Tobin (1965) and Sidrauski (1967), an enormous literature addressing the issue 
emerged. Under the neoclassical growth framework, characterized by the exogenous 
growth assumption, superneutrality of money in the growth rate sense was often 
presumed in these earlier works. Their major concern is on how inflation，kindled by 
expansionary monetary policy, would affect the level of macroeconomic aggregates. 
In the latter half of the 1980s, revolutionary development in growth theory 
was underway. Attempts have been made to endogenize the key determinants of 
economic growth. These endogenous growth models, exemplified by the works of 
Romer (1986), Lucas (1988) and Rebelo (1991), all aimed at eliminating the 
diminishing returns in capital accumulation that is central in neoclassical growth 
models. One strand of this literature, led by P. Romer, attributed this to R & D 
activities, which served as "the engine of growth" in the economy. Technological 
progress, in the form of continuing advances in methods of production and 
expansions in the variety of products, can eliminate diminishing returns in the long-
mn. Another strand of research proposed that, by including human capital into a 
broader concept of capital, technology exhibiting constant returns might arise. It is 
this latter approach that we have followed in the present work. In particular, we adopt 
a two-sector model developed by Uzawa (1965) and used by Lucas (1988), in which 
physical and human capitals are accumulated in different sectors. 
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This advancement in growth theory made possible the examination of policy 
implications on the growth rate of the economy. In particular, it inspires a re-
examination on the notion of growth rate superneutrality of money. Empirically, 
cross-sectional evidence supporting a negative correlation between inflation and 
growth has been reported in DeGregorio (1992), Fischer (1993) and Barro (1995). 
Applying a regression analog of growth accounting on a set of 86 countries, Fischer 
provides evidence in supporting the conventional view that, a stable macroeconomic 
environment, marked by low inflation rate and small budget deficit, is conducive to 
growth. Meanwhile, DeGregorio focuses on a group of 12 Latin American countries 
during the period 1950 - 1985, and concludes that every 10% increase in inflation 
rate would lower growth rate by 0.08% per year. Similar results are reported in Barro 
(1995). By examining a sample of 100 countries from 1960 to 1990, the author 
reports that the decrease in the annual growth rate, caused by the same increase in 
inflation, can be as much as 0.2 — 0.3%, 
Equipped with the newly developed analytical frameworks, monetary growth 
theorists then proceed to study the effects of monetary policy on the long-run output 
growth rate. Among these efforts, Wang and Yip (1992a), and Jones and Manuelli 
(1995) has adopted monetary extensions of the Uzawa-Lucas model. Specifically, in 
Wang and Yip, money is regarded as a Hicks-neutral technological factor that 
improves the efficiency of goods production. Superneutrality of money in the growth 
rate sense occurs in this case. Meanwhile in Jones and Manuelli, money is introduced 
through a cash-in-advance constraint imposed on the purchases of one of the two 
types of consumption goods. They conclude that, in general, the growth effects of 
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inflation are quite modest, even for relatively large rates of monetary expansion. 
Comparing with the existing literature that concerns about the steady-state 
effects of money on real economic variables, very little progress has been made in 
exploring the transitional dynamics of these models [see Jha, Wang and Yip (2000) 
for an example of such attempt]. However, a complete characterization on the 
transitional dynamics not only furthers our understanding on the short-term effects 
that monetary policy has on growth, but also paves way for any investigations on the 
possibility of indeterminacy in monetary growth models. 
Recently, there are revived interests in indeterminacy or the existence of a 
continuum of equilibrium growth paths in dynamic economic models. Indeterminacy 
of equilibrium is at least as old as the models of overlapping generations. However, 
during these years, there are drastic changes in the interpretations on such a 
phenomenon. For early theorists, the nonuniqueness of equilibria was considered to 
be a serious weakness for the rational expectation hypothesis that should be removed 
with the help of additional assumptions. In contrast, the recent literature views 
indeterminacy as a useful means of interpreting macroeconomic data. As pointed out 
in Benhabib and Farmer (1999), indeterminacy has found its values in three groups 
of models. First, for business cycle models with rational expectations, indeterminate 
equilibrium provides a solid illustration of how animal spirits, or "sunspots", may 
affect the economy. Second, indeterminacy can provide a rich source of propagation 
dynamics in the monetary transmission mechanism. Third, endogenous growth 
models with indeterminacy can be used to address the insightful question raised in 
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Lucas (1993), namely why countries sharing similar fundamentals, like South Korea 
and the Philippines in 1960, might exhibit so drastic a difference in their subsequent 
growth experience. In this thesis, we will concern ourselves with the existence of 
indeterminacy in monetary endogenous growth models. 
Endogenous growth models exhibiting indeterminacy have been studied, among 
others, by Xie (1994), Benhabib and Farmer (1994), Benhabib and Perli (1994), 
Boldrin and Rustichini (1994), Benhabib and Farmer (1996) and, Benhabib and 
Nishimura (1998). In Benhabib and Farmer (1994), by now one of the standard 
references in the literature, indeterminacy arises in a simple one-sector endogenous 
growth model. The crucial element for this finding is the existence of aggregate 
increasing returns. This can be attributed either to externalities in production or to 
monopolistic competitions in the intermediate goods sector. When externalities are 
sufficiently large, any increase in investment initiated by beliefs in greater future 
returns can be sustained as an equilibrium path. However, this model is often 
criticized for requiring too high, if not implausible, a degree of externalities in order 
to generate indeterminacy. Consequently, one of the major challenge for many 
subsequent works is to lower this requirement. For instance, Benhabib and Farmer 
(1996) shows that indeterminacy can be generated with a much smaller degree of 
externalities when the increasing returns-to-scale is a consequence of sector-specific 
externalities in the consumption and investment sectors. Unlike the above studies, 
Xie, and Benhabib and Perli focus on the Uzawa-Lucas framework. Again, in the 
presence of increasing returns, a continuum of equilibrium paths is possible under 
realistic parameter values. 
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Though widely adopted in the literature, increasing「eturns-to-scale in the 
aggregate social production function is not the only source of indeterminacy. In 
Benhabib and Nisimura (1998), indeterminacy arises in multi-sector models with 
constant social「eturiis coupled with small degree of market imperfections. At the 
private firm level, positive profits are possible due to decreasing returns. In order to 
dissuade newcomers, a fixed entry cost is necessary in determining the number of 
firms at equilibrium. In the presence of market imperfections that drives a wedge 
between private and social returns, it is crucial to have some form of increasing 
returns either in variable costs, or through a type of fixed cost, for indeterminacy to 
occur. These ideas are illustrated in Gali (1994), in which an economy with 
monopolistically competitive firms and variable markups can also generate 
indeterminacy. Although the model formulations adopted in Gali (1994) and 
Benhabib and Farmer (1994) differ substantially, Schmitt-Groche (1997) argues that 
the two actually share similar implications for business cycle data. Another example 
is Benhabib, Meng and Nishimura (2000). Again, in the presence of a wedge 
between private and social returns, indeterminacy arises in multi-sector models 
without increasing returns as a type of coordination problem. 
Evidently, our primary concern is on monetary gro\A/th models. In particular, we 
are interested in the possibility of money as an independent source of indeterminacy. 
Brock (1974) is the first to formally discuss this possibility in an infinite-horizon 
money-in-the-utility-function (MIUF) model. By considering a separable utility 
function in consumptioa money and labor supply, Brock finds that when the nominal 
money supply is shrinking, nonuniqueness in perfect foresight equilibrium prevails. 
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Without exploring any deeper into its possible implications, the author turns to 
discuss the conditions that can rule out such absurdities. In Calvo (1979), it is shown 
that when money serves as an input in goods production, no perfect foresight path is 
locally unique. Calvo is the first to note the possibility of indeterminacy in the form 
of a continuum of equilibrium paths converging to a steady state. A survey of early 
literature is provided in McCallum (1983). Recent attempts to address the issue can 
be found in the business cycle literature. Beaudry and Devereux (1993) consider 
money in a real business cycle model with increasing returns to scale. Thus, even if 
indeterminacy arises, this does little help in clarifying the conditions under which 
money may serve as an independent source of the phenomenon. Farmer (1997) 
adopts a model resembling the standard real business cycle model except for the 
M I U F specifications. One major finding is that both nominal and real indeterminacy 
occur when the nominal interest rate is pegged. Conditions for indeterminacy are 
expressed in terms of labor market conditions as in the real models. The ultimate 
intention of his work is to provide quantitative evidence in supporting the view that 
general equilibrium models with indeterminate equilibria may be useful in 
understanding the mechanism by which real and nominal shocks are propagated over 
the business cycle. However, his efforts are repudiated by Sossounov (2000). By 
correcting several computational errors, Sossounov shows that the dynamic 
properties of Farmer's model can be reduced to saddle-path stability and there is no 
indeterminacy in the real sector. 
In this thesis, our objective is twofold. First, w e re-examine the inflation-growth 
controversy in the Uzawa-Lucas model. In particular, we study three popular 
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approaches of introducing money, including the money-in-the-utility-function (MIUF) 
approach of Sidrauski (1967), the cash-in-advance (CIA) approach of Glower (1967) 
and Stockman (1981), and the pecuniary transactions costs (PTC) approach [a 
detailed summary is provided by Zhang (2000)]. It is now common knowledge that 
different hypotheses on the function of money would beget conflicting results. 
Dornbusch and Frenkel (1973) give a comprehensive survey on the results derived 
from the M I U F and PTC theories. A functional equivalence between the two 
approaches is established in Feentra (1986), after transforming consumption and 
liquidity costs into a “gross consumption" variable. However, doing so would distort 
the nature of the original M I U F framework. To avoid this, Wang and Yip (1992b) 
chooses to establish a qualitative equivalence among alternative approaches instead. 
Under certain specifications on the utility function, qualitatively equivalent 
comparative statics results can be collected among the M I U F approach, the CIA 
approach and the shopping-time T C approach. In Zhang (2000), an attempt has been 
made to unify various approaches under a general pecuniary transactions costs 
function. 
Our second objective is to investigate the possibility of money being a 
potential source of indeterminacy in endogenous growth models that are otherwise 
determinate. To accomplish this, we need to first completely characterize the 
transitional dynamics of the three models. W e find that in both the MIUF and Glower 
CIA models, money is superneutral in the sense that both the level and the growth 
1 他 of all real variables are unaffected by the growth rate of nominal money supply. 
The local dynamics of these two models are all saddle-path stable and hence 
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determinate. However, for the Stockman CIA and P T C models, the superneutrality 
result pertains only to the growth rate of the real variables. The levels of real 
variables, such as the effective capital-labor ratio, are affected by money. In these 
cases, the B G P equilibrium is not necessarily a saddle so that local indeterminacy is 
possible. 
The rest of the thesis is organized as follows. Chapter 1 presents the benchmark 
model ofUzawa-Lucas in the absence of externality and characterizes its dynamics. 
Chapter 2 then extends the benchmark model by introducing money via three distinct 
channels and re-examines the issue of superneutrality. Chapter 3 focuses on the local 
dynamics of these models. The relationship between superneutrality and 
indeterminacy is highlighted here. This is followed by a fourth concluding chapter. 
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Chapter 1 The Benchmark Model 
In this chapter, we consider the two-sector model of Lucas (1988) in the absence 
of externality. Parallel to the goods sector, there is an education sector which employ 
effective labor as its sole input to accumulate human capital. This is actually an 
extreme case in which the education sector is relatively intensive in human capital. 
1.1 The Model 
The economy consists of a fixed number of households. Each household seeks 
to maximize overall utility U, as given by 
“ (P) 
0 1 - a 
subject to the budget constraint, the evolution of human capital and the initial levels 
of physical and human capital 
.k = F{]^Jh)-c (1.1) 
h = (fi{l-l)h (1.2) 
k{0) = k, > 0 
h{o) = h,>o, 
• where c is per capita consumption, k is per capita physical capital, h is human capital 
of individual worker, I is the fraction of labor (its endowment is assumed to be fixed 
and normalized to unity) devoted to the output production, p is a positive discount 
rate, ^ is a positive technology parameter dentoing the marginal product of effective 
labor in the education sector, and a is the inverse of the intertemporal elasticity of 
substitution. Also, x = dx/ dt for any variable x. For simplicity, we abstract from the 
consideration of population growth and depreciation of capital stocks. 
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Eq.(1.2) is the Uzawa(1965) — Rosen(1976) — Lucas(1988) human capital 
accumulation equation which characterize the Lucas model. If all the effort is 
devoted into the education sector (that is I = 0), then human capital will grow at its 
maximal rate 
Throughout this paper, we shall adopt the neoclassical production function in its 
general form. Since the technology exhibits constant return to scale in its arguments, 
we can write the function in terms of effective labor units 
少,二 M 
where L 二 Ih,少三 f and a = y . The intensive-form production function, f(a), is 
JLj 
assumed to satisfy /(0) = 0， f ' {a ) > 0, f"{a) < 0, together with the Inada 
conditions 
lim f'ia) 二 00 and lim f'ia) 二 0. 
tv—>0 a — C O 
Output and factor markets are assumed to be competitive, so that factor prices 
are the same as the marginal product of inputs. Algebraically, the rental costs of 
physical capital r and the real wage rate co are given by 
iia) = f'{a) and co{a)^ f{a)-af'{a). 
In addition, we have r'[ci) < 0 and co'{ci) > 0. 
The current value Hamiltonian of the problem (P) is given by 
H = + ⑷—义"《(1 — 
丄一 (2 
where ；l^. ’ a；, are the costate variables of physical capital and human capital 
respectively. The first order conditions are as follow 
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广 二 々 （1.3) 
(1.4) 
^ = p-r(a) (1.5) 
儿k 
Ko){a)l + ；L, pX, - A,7, (1.6) 
together with the initial conditions and the two transversality conditions, 
lime'^A^ -k = Q (1.7) 
/—CO 
lime—"义.h 二 Q . (1.8) 
In order to reduce the dimension of the dynamic system, we define three new 
X c k 
stationary variables, namely p = z,三一，z,三一.Eq.(1.4) thus gives a one-
Af^ k ~ h 
to-one relation between the capital per effective labor unit a and the relative price 
ratio p, that is 
a = a(p) (1.9) 
where a' 二 < 0. 
CO 
Manipulating the first order conditions and making use of the fact that I = z^/ a, we 
can derive the following dynamic system in terms ofp, z! and z^ ,' 
(1.10) 
P 
_ K^) P ,1"� 
— — + (1.11) 
z^ a a a 
全2 — f{a) _ ( zA 
—一 + 一 (p 1 . (1.12) 
a V j 
Eq.(l.lO) illustrates the block recursive structure of the model, meaning that the 
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dynamics of the relative price p is independent ofz； and 
1.2 Comparative Statics 
Along the balanced growth path, we are able to show that 
P 
Let ^  be the common growth rate ofc，k, h andZ. From (1.10), p^O implies 
厂* =於. (1.13) 
This requires the marginal returns from both types of capital to be equal at 
equilibrium. As the equilibrium real interest rate is being pinned down at a fixed 
level and r(a) is assumed to be monotonically decreasing, uniqueness of equilibrium 
is also implied in (1.13). 
The common growth rate can be expressed as 
e = (1.14) 
a 
Since - = -/*)=： ^  , 
h 
the fraction of labor devoted to the goods sector at equilibrium can be derived. 
1 0 (pia - \)+ p 
产二 1 -了 = n , • (1.15) 
(p (l)a 
As I G [0,1], additional restrictions on the parameters are required, namely, 
(l){a-]) + p > 0 and (j) > p . 
The second inequality is the non-degenerate growth condition, which ensures a non-
negative common growth rate for all major economic variables. 
‘The algebraic details of the manipulation can be found in the appendix. 
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1.2 Local Stability 
Linearizing the dynamic system of (1.10) - (1.12) around the B G P yield the 
following Jacobian matrix, 
— - r’a' 0 〇 _ 
J : r'la + co/{a'')- 1 0 . 
—农 2 *)/(“ - 1 (Pla 坏 
As in Bond, Wang and Yip (1996), the block recursive structure of the model 
substantially simplifies the transitional dynamics. The dete麵ant of the Jacobian 
matrix is simply the product of the three diagonal elements namely —rW < 0 , 1 and 
0, which are also the three characteristic roots. As there is only one 
eigenvalue with negative real part, the equilibrium is saddle-path stable. This is just a 
restatement of the well-known fact that in the absence of externalities, the 
equilibrium obtained from the Uzawa-Lucas model is locally unique and 
determinate. 
As pointed out in Benhabib and Perli (1994), for indeterminacy to occur in this 
model, a high intertemporal elasticity。f substu咖n of consu.pnon accompanied by 
a sufficiently large external effect of、human capital in goods production are required. 
In contrast, with small or no external., there would not be a sufficient increase in 
the rate of return of capita丨 tojusniV any acceleration in the accumulation of capital. 
Consequently，mult.ple equilibria cannot be maintained 丨n the latter case. 
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Chapter 2 Long-Run Relationship Between 
Money and Growth 
In the monetary growth theory, it has been well understood that expansionary 
monetary policy, by pushing up inflation, would raise the nominal rate of interest, 
and suppress the demand for money. But how this affects the long-run equilibrium 
varies dramatically across different models. Tobin (1965) states that the reduced 
demand for money would raise that for other assets and hence promote capital 
accumulation. This positive effect of money on the economy is then named as the 
Tobin effect. In a first attempt to study the issue in an intertemporal optimizing 
model, Sidrauski (1967) repudiates Tobin's result and concludes super neutrality of 
money instead. The model he adopted is the so-called money-in-the-utility-function 
model. Sidrauski's result is mainly due to the fact that in the long run，return to 
capital is determined by the consumer's rate of time preference, and thus monetary 
policy cannot affect the steady-state level of capital stock. Meanwhile, two other . 
approaches are often adopted to address the issue, these are the cash-in-advance (CIA) 
approach adopted by Clower (1967) and Stockman (1981), and the pecuniary 
transactions costs (PTC) approach summarized in Dornbusch and Frenkel (1973). 
Stockman concludes that when money is required only in the purchases of 
consumption goods, the steady-state capital stock would be independent of inflation. 
But when money is required for both investment and consumption transactions, an 
inverse relation between the two can be concluded. Meanwhile, the results obtained 
from PTC model are ambiguous. 
In this chapter, we reexamine the supemeutrality issue within an endogenous 
growth framework. Special attention has been paid on the impact that nominal 
14 
money growth rate would have on the endogenous growth rate of the macroeconomy. 
In our analyses, money is introduced into a general equilibrium framework via three 
different approaches, namely the money-in-the-utility-function (MIUF) approach, the 
cash-in-advance (CIA) approach and the pecuniary transactions costs (PTC) 
approach. Our findings suggest that growth-rate superneutrality is robust regardless 
of how money is introduced into the Uzawa-Lucas model. However, different models 
may conclude different level effects on the real variables. 
2.1 The Money-in-the-Utility-Function (MIUF) Model 
In this section, the Lucas (1988) model that we have considered in Chapter 1 
would be extended to include money. Specifically, money enters directly into the 
utility function of the representative household. The optimization problem of the 
representative consumer is then modified to become 
( a 1-C7 -1 � / TT( \ n c m f - 1 .„ Max U[c,m)= ^ e'^'dt. (P) 
0 1-仅 
subject to 
c + /( + m = F{k, Ih) - mv + r (2 .1) 
h = (f){l-l)h (2.2) 
/f(0) = k() > 0 
/7(0) = /?。> 0 
/V/(0) = M , > 0, 
where m denotes per capita real money balances (i.e., the nominal money balances A/ 
deflated by the price level), r denotes per capita lump-sum transfer from the 
government ； /r denotes the inflation rate, a is the constant marginal utility elasticity 
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of consumption. To ensure concavity of the utility function, we impose the following 
restriction 
a(l-a)-l < 0. 
Nominal cash balances is injected into the economy through transfer payments r, 
so that jjm 二 z; where // denotes the constant growth rate of nominal money supply. 
The money market and goods market equilibrium conditions are given by 
777 
—二！j^ — n ( 2 . 3 ) 
777 
k fici) C ,…� 
一 二 — 一 (2.4) 
k a k 
Again, a denotes capital per effective labor. 、 
Setting up the current-value Hamiltonian for the above optimal control problem, 
and denoting by the costate variable for the state variable / ( / = m, k and h\ the 
following first-order conditions can be obtained: 
(2.5) c 
义⑴ ( p ) = 儿 J ( 2 . 6 ) 
入Act) 二 pXk-K (2.7) 
卞 ] 
人 m兀—P入—川 ( 2 . « ) 
m 
人 , 4 ) / +义“1 - 0—厂义「义 " (2.9) 
义“丨=义L (2.10) 
The transversality conditions are 
Xxme-'^/Ji = 0 (2.11) 
\\me-'''A.h^O (2.12) 
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limr 乂 = (2.13) 
W e will assess the balanced growth paths, as well as the local dynamics in the next 
；I c 
chapter, in terms of the following transformed variables; p 三 . 三一， 
\ ’ m ‘ 
c k 
i：，三—and 三一.From (2.6), 
“ k ‘ h 
pco{ci) = (j) => a = a{p) (2.14) 
and a'{p) < 0 . 
Manipulating (2.3), (2.4) and the first-order conditions, one can derive the 
following 4 x 4 system: 
^ = (2.15) 
P 
A 二 A + - 7 - ^ i . i a ) - ( 2 . 1 6 ) 
I 凡 - - 体 轉 (2.17) 
z. /(a) ( 
2 = — —於 1 — ~〕— ( 2 . 1 8 ) 
iV a " a) 
w h e r e万丨二厂力瓜 a n d B, 二 。 + , 令 
From these conditions, the common growth property can be established. Again 
let (9 be the common growth rate of c, k) h, m and L. In particular, combining (2.5) 
and (2.7) yield the usual Euler's equation 
d r(a)- p ^ 
一二 \ ) P 二e . (2.19) 
c a ) 
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It is apparent that monetary policy would affect the common growth rate if and only 
if it would affect the real interest rate. From (2.15), the equilibrium real interest rate 
is given by 
产二 (j). (2.20) 
In Sidrauski (1967)，the equilibrium real interest rate is tied down by the consumers' 
time preference. Whereas in this case, it is the overall rate of return on physical 
capital, which included also the capital gain from price changes, that is equated to the 
discount rate. Algebraically, 
As stated in Dornbusch and Frenkel (1973), this actually requires the discounted 
value of an addition to permanent consumption, due to an increase in the capital 
stock, to be equal to the costs in terms of consumption foregone, namely unity. 
Combining (2.19) and (2.20) yields 
e = (2.21) 
a 
Thus, growth-rate superneutrality prevails. Moreover, Sidrauski’s superneutrality 
results can also be obtained. Since r is a function ofp, the latter and consequently the 
factor intensity in the goods sector a, are unaffected by the monetary policy. 
By examining eqs.(2.2) and (2.4), one can show that the fraction of time 
devoted into the goods sector /* and the consumption-capital ratio are both 
unaffected by the monetary policy along the balanced growth path. These are mainly 
the results of a fixed equilibrium real interest rate that renders the consumer's savinc>-
O 
IS 
consumption decision and the time allocation between the two sectors independent of 
the policy. 
dci * dz * 
Totally differentiating (2.17) together with z^=0 and - 二 — = 0 yields, 
djU djd ， 
^ 二丄 >0. 
d/j l-a 
Substituting (2.5) into (2.8) and equating this with (2.7) gives the equilibrium 
condition for an interior solution, 
lie — • — 1 (2 22) 
Here, the marginal rate of substitution between consumption and money is equated to 
their relative price ratio. In particular, the relative price of holding cash balances in 
terms of consumption foregone is measured by the nominal interest rate 7T + r{a). 
Thus, when the nominal interest rate is pushed up by an expansionary monetary 
policy, consumers would lower their demand for real money balances and drive up 
the consumption-money ratio. 
2.2 The Cash-in-Advance (CIA) Models 
In this section, we examine another monetary version of the Lucasian model 
where money is introduced via a cash-in-advance (CIA) constraint. W e first consider 
the simple CIA constraint adopted in Glower (1967) and Lucas (1980) in which the 
liquidity restriction is applied on consumption purchases alone. W e then proceed to 
study the one used in Stockman (1981) where money is required to finance the 
purchases of both consumption and investment goods. 
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2.2.1 The Clower'Lucas Model 
The optimization problem encountered by a representative household is now 
given by 
« \-a 一 1 
Max "(c) 二 f ———e,论 
subject to 
c + k + rh 二 F{Jc, L) — mn + t 
c ^ m, 
where the last inequality is the CIA constraint of Glower and Lucas. The first-order 
.V 
conditions are given by 
c 〜 K + y ^ (2.23) 
= (2.24) 
久 , = (2.25) 
= (2.26) 
+ = - ( 2 . 2 7 ) 
义.二义， (2.28) 
where v|/ is the Lagrangian multiplier of the CIA constraint, together with the 
transversality conditions (2.11) - (2.13). 
The balanced growth paths can be expressed in terms of the following variables: 
义 c—a c k 
P : 于 , 三 = T and = —. Manipulating the first-order conditions 
儿 h ^n： k h 




— ^-a[jLL + \)-p + {\-a)r[a{p)] + az^ (2.30) 
• ^二 + l + — — Z i +z， (2.31) 
二 一 伞 ^--h (2.32) 
Along the BGP, the equilibrium real interest rate and the common growth rate of 
c, k, h, L and rn are, respectively, 
7- * 二 (j) and 9 二 也—. � 
a ‘ 
Again,产,a* and are all independent of //.As in the M I U F model, one can 
easily see that /* and the consumption-capital ratio are also unaffected. That is, 
了 = 0 and = (2.33) 
a/j djLL 
From the first order conditions,, one can show that 
+ + (2.34) 
In order to maximize utility, households must choose to consume at a level such that 
the marginal utility obtained equals to the marginal costs in terms of utility. Since 
households must hold money in order to finance consumption, its price is now equal 
to one plus nominal interest rate, \'\-7V + r{a), instead of unity. Thus, a positive 
nominal interest rate acts like a tax on consumption, raising its price above its 
production costs. 
Eq.(2.34) also implies that any changes in the rate of inflation will force z；* 
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to change by the same extent. Hence, w e have ^ ^ 二 1, 
dju 
2.2.2 The Stockman Model 
In this sub-section, w e consider the situation in which households must be 
able to finance their purchases of both consumption and gross investment out of their 
money holdings. Following Stockman (1981), the cash-in-advance constraint is now 
specified as 
^ + (2.35) 
Solving the optimization problem of the representative household, we obtain the 
following first-order conditions; 
c-a 二 K + y / (2.36) 
K A p ) : XJ) (2.37) 
= (2.38) 
+ ^  = (2.39) 
K � ift�l + = pX^ — ； ( 2 . 4 0 ) 
人 （ 2 . 4 1 ) 
and the traversality conditions (2.11) — (2.13). 
The characterization of the dynamic system requires a new set of variables， ： ” 
‘“ /t Q k 
厂 " 二 1 三 i and 三 i. The four-by-four system, m terms of these 
variables is as follow, 
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^ " — 泡 + + 0 —丄] (2.42) 
p \ + G\a) a q _ 
^ = ^ + (2.43) 
q P 
ii aria) - n fia) , —^ ^ V ^ ^ + (2.44) 
z^ a a 
z^ fia) / z,) 
— — ( j ) (2.45) 
a \ a J 
1 a fia) aco'(a) , " � 1 —� 
where < = - 7 7 V , s①二^ and G(a) =——^>0. 
/ ⑷ ①⑷ s � 
The expression for the equilibrium real interest rate is complicated by the 
differences among the shadow prices for the three assets. Meanwhile, the expression 
for (9 remains the same. 
q"" r衫二（j). (2.46) 
(j) - p 
e :丄 已 ( 2 . 4 7 ) 
OL a 
Thus, growth-rate superneutrality prevails along the balanced growth path 
regardless of whether or not investment is included in the CIA constraint. In the long 
run, the effect of any changes in money growth rate is reflected entirely on the 
inflation rate. 
As mentioned before, a negative relationship between the steady-state level of 
output and inflation rate is obtained in the original Stockman model. The intuition 
behind is: since one need to convert all future income obtained from investment into 
additional money holdings before they can consumed, inflation tax applies on 
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investment goods also. Higher rate of inflation raises the cost of holding money and 
lowers the net return from investment in terms of consumption. So capital 
accumulation is discouraged in a high-inflation environment, leaving the economy 
with a lower capital-labor ratio. 
In the endogenous growth setting, one major difference between Glower's CIA 
model and Stockman's CIA model is that, the effective capital-labor ratio is 
unaffected by p in the former, while the contrary, is true m the latter. The effect and 
intuition behind this disparity is made clear after considering the subsequent 
comparative statics results. 
Along the balanced growth path, the following conditions must be satisfied, 
/^  +《 + l=：没+ (2.48) 
q 劣.r{a �( j ) (2.49) 
and + (2.50) 
Totally differentiating (2.48) — (2.50) yield the following system 
—fe*广 0 o j d q ^ i r r 
厂* q”八a私、0 dcT尔=0 d丨u. 
0 1 电 * 0 
By Cramer's Rule, 




, dz, * (hco'' 
and ^ = ^ > 0 
djii (a*)V(“*) 
As in Stockman's original model, an increase in // would depress physical 
capital investment, lowers the effective capital-labor ratio and raises the 
equilibrium real interest rate r{a *). The equation implies that, for two economies 
with identical technology, endowment and parameters except (j), same increase in ii, 
would cause a greater decrease in a* for the faster-growing economy (that is the one 
with a higher value of (|)). 
Along the BGP, the overall rate of return for the three assets must be equated to 
the consumers' rate of time preference. This no-arbitrage condition requires 
q ^ 
Therefore, a drop in the relative price ratio must accompany an increase in 
inflation rate. The negative effect on g* counteracts thoroughly the positive one on 
/,•氺，withholding the equality of (2.46). It is these equal and opposite changes in the 
two variables that contribute to the growth-rate superneutrality result. 
Finally, the consumption-capital ratio rises with inflation rate because, once a 
certain amount of real money balances is acquired, current consumption is not 
subjected to flirther taxation but investment does. This induces the consumers to save 
less and consume more. 
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2.3 The Pecuniary Transactions Costs (PTC) Model 
In the pecuniary transactions costs model, consumption and production 
activities are assumed to be costly so that transactions services (7) result in a loss in 
real income. Specifically, the pecuniary transactions costs technology is a flinction of 
real output and real money balances, being increasing in the former but decreasing m 
the latter, i.e., T = 聊 ’ L\ m) where dT/dF > 0 and dT/dm < 0. Following Zhang 
(2000)，we assume that the transactions costs technology is a homogenous function 
of degree one in its arguments.� As a result, the proportion of output remained for 
consumption and investment, called it the net output function, given by 
L) = F{k, L) 一 T{F(k, L\ 
exhibits constant returns to scale.� This homogeneity property of the net output 
function therefore allow us to rewrite it in the intensive form: 
F{Km,L)^Lf{a,q) ( 2 . 5 1 ) 
where " ^  and ？ 三 A l s o , 户 厂 盖 一 明 ) > 0 , =募三如力〉〇 and 
Fl = /(«, co{fi) q)>0. 
da dq 
The representative agent's opt皿ization problem can be written as 
:A jco rdmg to Z k m g (2000)，the property of homogeneity of degree one of the pecmiian, transaction, 
co^sfunct^n plays an important role m the computation of the comparatfve ^cs T^fl s T 
in the steady-state effects of per ； T r ^ t l � 
：二 ice that tills specification of the peciimaiy transactions costs fimction where monev serves n 





c + k + m = Lf�a, 
The first-order conditions are as follow 
、义m (2.52) 
K① M = (2.53) 
PXk-乂k (2.54) 
k ^ i 二 厂 义 4 (2.55) 
又 M a ) q�l + pX, (2.56) 
义-二义众 (2.57) 
together with the transversality conditions (2.11) — (2.13). 
Hpf inp n - 义 ， ― 们 飞 c � k 
enne P = j ^ ， a n d then we can write eq.(2.53) as 
pco{a, q) = (l). (2.58) 
— rn in 
:5mce = — = — • a = a • z^ , can be expressed as 
产 G (明） (2.59) 
where — - 「己①丄 , dG p dco 
Co(fl，q), 
dco / 、 ^Qj r 
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Manipulating the first order conditions give rise to the following system in terms of 
z；, z,, Z3 and a， 
z, ( 、 /[a, qicL z,) 
，V、，1 力+ Z2 (2.60) a 
'2 _ 1 df f[a.q{a,z,)] p + {l-a) ^ ^^ ^2.61) 
z,“ a da a a 飞 
(2.62) 
Z3 a \ a) 
Meanwhile, 
p 1 �aG a dG z,^ ^ df 
p U da a oz^ z^ da 
� ^ 1 r J d f �厂 ( �/ [ a , /^(a, )1 , � 
So, - = — (j)--^  — L , 八 ， z (2.64) 
a 6"八 da J L ct � 
, a dG j Za dG 
where s^  and s ^ - — . 
G da G dz^ 
Along the balanced growth path one can show that all the real economic 
aggregates 乂 c, m, k, h and L will grow at the same rate given by 
e J - ^ . 
a 
Thus, the effect of ju on ^is absent in the Lucas model where money serves to reduce 
transaction services. 
Meanwhile, along the BGP, the following conditions must be satisfied 
—产 ae (2.65) 
(2.66) 
” � - M ^ : , . (2.67) 
dq 
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Totally differentiating eqs.(2.65) — (2.67) together with the fact that dO/dju = 0 yield 
the following system ‘ 
V /ii fn � 0 — 
-{f-ctf,)l{a^Y A / a * - 1 沟 * = 0 d^ 
_ /2I ‘ /22 0 Idz, [l_ 
By Cramer's Rule, 
论* 二 - f n 
du det A, 
J 
. 忙 : f u 
dju det A, 
and i 二 “ *。 ,“ + , i 2 . ( / -〜 ) (2 68) 
. 、 d丨u AqXA 
where det^ = 
The sign of det A is crucial in determining the effects of on the three variables. 
Following the interpretations of Dornbusch and Frenkel (1973), the first term (f^/22) 
measures the direct effects that changes.in effective real balances and physical capital 
have on their own yields, whereas the second term measures the cross-effects. By the 
concavity of production function, det A > 0 is always true, thus 
. 仏 O and h 
dpi djii 
Despite the effects that // could, have on a"" and q \ their combined effects on the real 
interest rate 产 is always zero. This can be proved easily by first totally 
differentiating 产三八‘“ a n d then substituting for (2.68). 
da 
Meanwhile, the effect of on the consumption-capital ratio is ambiguous. 
Since higher money growth rate discourages real money holding, a larger fraction of 
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real output is dissipated in transaction services while less resource are available for 
consumption and investment. Yet, it is difficult, if not impossible, to determine their 
individual impact without the help of further assumptions. 
To summarize our findings, in all three monetary versions of the Uzawa-Lucas 
model that we have considered, the common growth rate of all real variables is given 
by 
e J l 
a 
Consequently, growth-rate supemeutrality prevails in all three models. This 
conformity is in turn the result of a basic feature of the Uzawa-Lucas model: the 
equilibrium real interest rate is equated to the marginal product of labor of the 
education sector. Since the latter is an exogenous parameter, the equilibrium real 
interest rate is fixed and independent of the monetary policy. Hence, growth-rate 
supemeutrality fails if and only if the marginal product of labor in the education 
sector is affected by the monetary policy. 
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Chapter 3 Transitional Dynamics 
In this chapter, w e focus on the dynamics of the three monetary endogenous 
growth models studied in the previous chapter. W e are particularly interested in the 
possibility of indeterminacy in these models. As pointed out in Benhabib and Gali 
(1995)，most of the existing literature attributes the existence of multiple equilibria to 
the presence of some market imperfections, in the form of productive externalities, 
market power etc.. The presence of these market imperfections renders the private 
returns to the accumulation of certain productive asset positively related to its 
aggregate stock. Under certain conditions, this may lead to more than one pair of 
expectations/outcomes that are consistent with individual optimization and market 
clearing conditions, and thus indeterminacy. 
Meanwhile, others have shown that, market imperfections are not always 
necessary for indeterminacy to occur. In the work of Bond, Wang and Yip (1996)，the 
phenomenon arises when distortionary factor taxation is introduced into a general 
two-sector endogenous growth framework. This opens up the possibility of having 
inflation，also a distortionary tax on the real money balances, as another source of 
indeterminacy. 
3.1 The iM0ney-in-Utility-Function (MIUF) Model 
To characterize the local dynamics of the M I U F model, we linearize the dynamic 
system of (2.16) - (2.19) around the balanced growth path. The Imeanzed system is 
as follows 
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'/?//?] [-r'a' 0 0 0 T p- p""' 
V ^ i — # 〜2 0 0 z】-z,* 
V Z 2 — # # 1 〇 Z^ - Z, * 
_ V Z 3 」 L 存 # —1 於/“*丄23— 
—(1 — Q-
where c“二 = > 0 and the symbols (#) denote those entries that are 
(7[(7\\ - a)-l\ 
irrelevant for our stability analysis. Notice that the Jacobian matrix evaluated at the 
balanced growth path is triangular, thus the four characteristic roots are —r'a/< 0, 01^2 
� 0 , > 0 and 1. W e conclude that the Jacobian of the linearized system has three 
eigenvalues with positive real parts and one with negative real part, so that the 
balanced growth equilibrium is saddle-path stable and locally unique. As a result, 
local indeterminacy does not occur. 
Proposition 1. In the MIUF version of the Lucas (1988) model, the halanced growth 
path eqvilihrium is locally unique and determinate. 
3.2 The Cash-in-Advance (CIA) Models 
3.2.1 The Clower Model 
Consider the four-by-four system obtained by linearizing of (2.29) - (2.32) 
around the balanced growth path 
p! p~\ 「 —r'a' 0 0 0 ~f p- p""' 
V^i — (1 -a)ra' a 0 0 z^  -z, * 
# - 1 1 0 ‘ 
# 0 - 1 於 二 一 二 * 
^ - I L . I / JL � -5 _ 
Once again the Jacobian matrix evaluated at the balanced growth path is triangular, it 
implies that the four characteristic roots are —r'a,< 0, a > 0,卢/a* > and 1. W e 
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conclude that the Jacobian of the linearized system has three eigenvalues with 
positive real parts and one with negative real part, so that the balanced growth 
equilibrium is saddle-path stable and locally unique. Local indeterminacy does not 
occur in this subcase of the CIA model. 
Proposition 2 In the monetary version of the Lucas (1988) model, where money is 
introduced via the Clower-Lucas CIA constraint, the balanced growth path 
equilibrium is locally unique and determinate. 
3,2.2 The Stockman Model 
Linearizing the dynamic system of (2.40) - (2.43) in the neighborhood of the 
balanced growth path gives 
~ P/P 1 pii 1/(1+ G*) 0 ir p - p f 
^Iq 二 义 1 2^2 l/(l + G*) 0 q-q 私 
V z i 3^1 叫 a 1 0 Zj - * 
丨 �L � 0 -1 (j)la * . 
where “i, 二 丨 . 丄 。 命 ) ( 1 -〜*)<〇, 
a 1 一 I 1 1 门 
"oo — / H ； — 二 1 > 〇 
* " ( “ * ) ( N / ( a * ) ' ( 、 
L ^ (“不）_ 
Using the Gaussian Elimination Method, the determinant of the Jacobian matrix can 
be rewritten as 
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-^21 “12 - (,22 0 0 
detj 二巧 1 — … + - ^^ + ^  *) 0 0 
’ — # # 1 0 
# # * ^/a * 
The symbols (#) denote those entries that are not relevant for our stability analysis. 
Evaluating the transformed matrix yield, 
detJ 二 — \ / • < 0 
a* ^ * (l + G *) . 
Thus, two possibilities arise. The system may contain either three characteristic roots 
with positive real part (including《/“*) and one with negative real part, or all the 
characteristic roots with negative real part except ^/a*. Consequently, local 
indeterminacy may occur in this subcase of CIA model. W e summarize our findings 
in the following proposition. 
Proposition 3. In the monetary version of the Lucas (1988) model where money is 
introduced via the Stockman CIA constraint, the balanced growth path equilibrium is 
either a saddle (locally determinate) or one with an unstable manifold (locally 
indeterminate). 
3.3 The Pecuniary Transactions Costs (PTC) Model 
After linearizing the dynamic system of (2.55) - (2.57) and (2.59) at the balanced 
growth path equilibrium, the following system can be obtained 
alci 1「。„ “12 -<^2 * 0 " I 卜 - _ 
二 2^1 “22 1 0 Z^  - Z, 
3^1 «32 1 0 二— -
她 」 h ？ - 1 
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where a, J - ^ f ^ - a : — ! + 化 + 』 
_ CO ‘‘ dn �Stt , "I \ dr * 
2^1 = - — , “22=— T +广 , ^ 3 1 " ^ - -―+ 7—TT and 
(«” da L念1 � cc 乃CL (a*)' 
1 OS ^ 
Cl — e ^ 
"32 ， ^ 
a or, 
Using the Gaussian Elimination Method, w e can rewrite the determinant of the 
Jacobian matrix as 
Q 不 Q * * * 
“ 1 2 + 六 〜 0 0 “11+〜“31 “12+ K 〜 0 0 
detJ 二 “22 1 0 二 “21 一 “31 〜 2 — “ 3 2 〇 〇 
“32 1 0 “31 “32 1 0 
“ 4 1 一 一 1 i/a"^ a,, - 1 
Evaluating the transformed determinant yields 
a'^s, \da dz^ dz^ da . 
To proceed flirther on the derivation of the analytic, we assume a Cobb-Douglas 
specification of the net output function: 
P�KLjn) = nfk7L'-" = La'cf 
where y > 0, a >0, and 1 > y + a > 0. Straightforward differentiation gives 
Fk =厂=ya'—�广 二 声”“z 广，Fm 二 s: cja'q^-' 二 or/”。、广 and 
Fl = = ( l -
— = < 0 , da 1 
f 二/arrZ-。-i二广 >〇， 
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•^  = (7(,+^7-1)广乂1 <0， 
da 
dz^ 
Hence, it is easy to show that det J <0. Again, the system may contain either three 
characteristic roots with positive real part (including《Ar*) and one with negative real 
part, or all the characteristic roots with negative real part except ^ /a*. 
Proposition 4. hi the monetary version of the Lucas (1988) model where money is 
introduced via a pecuniary transactions costs technology, the balanced growth path 
equilibrium is either a saddle (locally determinate) or one with an unstable manifold 
(locally indeterminate). 
To summarize, we find that money can be a potential source of indeterminacy in 
the Stockman-type CIA model and the PTC model. An even more intriguing fact is 
that local indeterminacy emerges when money is not superneutral, and disappears 
when superneutrality prevails. These results strongly suggest certain connections 
between the two phenomena. A formal proof, or disproof, of such a conjecture still 
awaited future endeavor. And one of the contributions of the present work is, perhaps, 
in pointing out the possibility of such a relation* 
4 Palivos and Yip (2001) find that such a relation does not exist in discrete-time one-sector models, so 
the relation might be pertained only to continuous-time models. ， 
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Chapter 4 Conclusion 
In this thesis, we examine alternative specifications of the Uzawa-Lucas 
endogenous growth model with money. For all three popular approaches, money 
does not affect the accumulation of human capital which served as the “engine of 
growth”，so that growth-rate superneutrality prevails. Whenever money is 
superneutral, the local dynamics of the models are identical to that of the benchmark 
Uzawa-Lucas model without money, thus the balanced growth path equilibrium is 
locally saddle-path stable and determinate. W e summarize our findings in Table 1. 
Based on these findings, we conjecture that the presence of money can be a potential 
source of indeterminacy in endogenous growth models. Of course, these results are 
preliminary and farther work is required to provide a better understanding on the role 
play by money in the characterization of the dynamics of endogenous growth 
models. 
Before closing this thesis, we like to point out that one major justification for 
studying indeterminacy in monetary growth models is to explore the role of 
monetary policy as a device for macroeconomic stabilization. The literature of 
indeterminacy has begun to examine whether public policy can act as a selection 
device among different convergent growth paths. For instance, Palivos, Yip and 
Zhang (1999) has shown that agents' expectations about government policy may be 
self-fulfilling so that simply the presence of endogenous public policy may generate 
multiple equilibria with global indeterminacy. They demonstrate how the 
government may change this and use public policy as a selection device amona 
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different Pareto-rankable growth paths. Nevertheless, their paper focuses on fiscal 
policy and abstracts from monetary issues. The role of monetary policy as a selection 
device to resolve indeterminacy is opened for future research. 
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Mathematical Appendix 
Al . The Benchmark Model 
This section describes how the dynamic system of (1.10) - (1.12) is derived from 
the first order conditions. First, (1.6) can be rewritten as 
+ 二 (Al) 
Combining this with (1.5) gives (1.10). Meanwhile, totally differentiating the 
logarithm of (1.3) and combining the resulting equation with (1.5) yield the usual 
Euler equation, 
— 二 八 ） H . ( A 2 ) 
C CL 
Eq.(l.ll) can be obtained by combining (A2) with the goods market equilibrium 
condition [ - = — ^ - z j . Whereas, eq.(1.12) can be derived by combining the 
k a 
goods market equilibrium condition with the equation of accumulation of human 
capital (1.2). 
A2. The MIUF Model 
In this section, we show how the system of eqs.(2.15) — (2.18) is derived. To 
begin with, from eq.(2.5), 
( c 、 , 卞 ( A 3 ) 
cr 
Making use of this, and the set of first order conditions can be rewritten as 
参 二 / ^ - = f = ^ ^ (A4) 
人 k ^m om 
+ 二 P-小. (A5) 
儿h 
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From (A4), the expression for nominal interest rate can be derived 
( \ ( l- (JV 
+ ——L (2.22) 
cm 7 
Eq. (2.15) can then be obtained from (A4) and (A5), 
P _K K , ( \ 
P A- ^h 
Making use of (2.22), the money market equilibrium condition can be expressed as 
咖 (1 - ,、 
- = - " " “ ^ + K 吐 （A6) 
From (A3), [a(l -a)~ l]- + (1 — a ) ( l - a ) - = p- r(a) 
c m 
- ^ 二 ^ ^ r i j I T - 厂 ⑷ - ( 1 — - 《 ] . (A7) 
Thus, i = l 丄 ？ - + _ _ _ a — _ _ _ m 
c m (j(l-a)-l cj{\-a)-\m ‘ 、」 
Combining (A6) and (A8) gives eq.(2.17). Eq.(2.18) can be derived by combining 
(A6), (A67) and the goods market equilibrium condition. Finally, eq.(2.19) is derived 
by combining the goods market equilibrium condition with the evolution equation of 
human capital. 
A3. The CIA Models 
A3.1 The CI owe r-Lu ccis Mode 1 
From the first order condition, 
= ] ~ — 1 (A9) 
Eqs. (2.25) and (2.26) can then be rewritten as 
义 c—a X 
+ + 1 = — (AlO) 
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This gives the expression for nominal interest rate 
K + r[a)= 1 
V 
which is actually (2.34). Moreover, combining (A 10) with (2.27) gives (2.29). 
Since the CIA constraint is always binding, thus 
Q 
= (All) 
Starting with the definition ofzj and making use of (A9) and (All) yield eq.(2.30), 
1 二一 仅一一 = 一仅(/z +1) — P + (1 — a y (f/) + oz 1. 
Eq.(2.31) can be obtained by combining (All) with the goods market equilibrium 
condition. Finally, eq.(2.32) is derived by combining the goods market equilibrium 
condition with the evolution equation of human capital. 
A.3.2The Stochncin Model 
From (2.41)， f = (A12) 
儿m 儿n丨 
First rewrite eqs.(2.38) 一 (2.40) as 
A, 
~ = (A 14) 
义“ A / \ 
I 二 p-~^r{a). (A15) 
人k 人k 
Combining (A 13) and (A14) gives 
41 
- = + (A 16) P q 乂 ） 
Along the BGP, when jb-O, the equilibrium condition (2.48) can be obtained. 
Making use of (A13) and (A15), w e can write 
叉= + l + — 丄 (A 17) 
q q 
=—+ qr{a) - •. 
P 
Along the BGP, when /3 二 = 0, eq.(2.49) can be obtained. 
To write the inflation rate 兀，consider the CIA constraint 
m = c + k = Lf{a\ 
which implies 二丨—+、s /上二 ‘u~ k (A1 8) 
/ /? CL 
, Clf'ici) 
where = > 0 . By definition, 
CI k (I h、 
Combining (A 18) and (A19) gives 
k ( \ a 
；^  — = 一,了. (A20) 
From (2.37)’ 卜 " • < 〇 ， (A21) 
. cico'(a) 
where 二 — — > 0 Combining (A16) and (A2"卯.es 
(0\ CI) … 
a 1 广， 1 、 
？二 -厂 卜 . fA22) 
•J \ 7 / 
Then SLibstitLinng (A22) and the goods market equilibrium condition = ] 
k a 1 
into (A20) gi\ es. 
fici) £.• - ！、 � ’ _ - _ d _ � i -： 0 - yL - 1 - — - LI - ~ . 
a £ / / � \ V y 
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And thus (1 + = — + - f ^ — ^ I L + l - l l (A23) 
V �J a �s ( �人 q) 
To simplify the notations, define G{a) = ^ ？ (:). Inserting (A23) into (A 16) yields 
�W 
p 1 厂 M 1 Gia) (^ 0 r n 
—=1 W ^ u - ^ ^ + z, - \ 卢+ 1 — — + 於+ 1 一丄 P 1 + G(a) L a �l + (7(a)� q) ^^ q) 
1 「 /(a) 丄 1 l1 
1 + G[ci) a q 
which is eq.(2.4〇). 
Meanwhile, from eq.(2.36) and (A15), 
c cir{a) - p 
Combining (A24) and the goods market equilibrium gives rise to eq.(2.44). And 
eq.(2.45) is obtained by combining the goods market equilibrium condition with the 
equation of accumulation of human capital. 
A4. The PTC Model 
In this section, we will illustrate how the system of eqs.(2.60) — (2.62) and (2.64) 
can be derived. First, rewrite the first order conditions of (2.54) - (2.56) as, 
A of 
二 广 T ， (2.54') 
A-. da 乂 
人” cf 
了 二 — + ) (2.55，） 
儿丨” cq 
and ¥ 二 P - (P . (2.56，） 
Comparing (2.54') and (2.55，)： we can write the expression for the nominal 
interest rate as, - — = ^ . (A95) 
cci cq ^ 
The usual Euler equation can be obtained by totally differentiating the logarithm 
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of (2.52) and combining the result with (2.54) 
c一丄 d A a , q ) 丄 (A26) 
c a da a 
Combining the goods market and money market equilibrium gives eq.(2.60). 
Eq.(2.61) can be obtained from (A26) and the goods market equilibrium condition. 
Finally, eq.(2.62) is derived by combining the evolution equation of human capital 
and the goods market equilibrium condition. 
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Table 1: Summary of Findings 
^ n ^ d f c ] d f k ] 
石 . 石 ^ U J ^ U J Indeterminacy 
M I U F 0 0 0 0 N o 
CIA ^ ~“““ 
( C l o w e r ) … A . 0 。 0 N o 
CIA “ 
(Stockman) • _ “ _ Possible 
PTC 0 - Ambiguous - Possible 
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